Motivation

Feedforward networks (FFNets)
e Usually layers < 30 (e.g., VGG, layers =~ 20);
e Deeper FFNets yield worse generalization behavior.

Residual networks (ResNets)
e Can have hundreds of layers;

e Deep ResNets have the same or even better gener-
alization performance.

Question: Why do deep residual networks generalize
better than deep feedforward networks?

Neural tangent kernel (NTK) [3]

e Consider fully-connected neural networks trained by
gradient descent;

e When width — oo, we have NTK as follows:

n

QL(z,y) = (Vo,f(x), Vo, f(y)).

1=1

where 0; is the parameters, n is the number of pa-
rameters, f is an L—layer network.

Dual activation and dual kernel

Let K : RP x RY” — R be a kernel function. Denote

(e

K(z,x)
K(z,7)

Definition 1 (Dual activation). Given an activation
function ¢ R — R, its dual activation function

¢ : [-1,1] — [—1,3] is defined to be $(p) —
43(X,)?)Nj\/(@,Np)€b(X)¢(X)-

Definition 2 (Dual kernel). We say that I'y(K)
RP x RP — R is the dual kernel of K with re-
spect to the activation ¢, if we have I'y(K)(z,z) =

43()(,55)NJ\/(o,z:(ac,z)) P(X)p(X).

Definition 3 (Normalized kernel). For a general kernel

K, its normalized kernel is K(x,%) = \/K(I((x)’?(~ =

Normalized ReLU o(2) = v/2max(0, 2) [2]

() - VP =)

Lo (K)(2,7) = VE(@ 0)K(77) 5(K(z,7)).
Derivative of normalized ReLU o/(2) = v/212z > 0 [2]

m — cos” H(p)

o' (p) = . ,

Ty (K)(z, %) =o' (K (z,7)).
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Network setup

Consider the following network structures where all but
the last layers are trained and RelLU activation oy.

Feedforward Networks

o =x; flz)=v'zr

2
ry =\ —oo(Wyxy_q),
V m

where ¢ = 1,--- L, Wy € R™*P and Wy, --- W €
R™*™ are weight matrices.

Residual Networks

Lo =4/ iAﬂ?; flx) = vz
m
/1 | 2
Ty = Tp—1+Q —VNO( —WEW—l),
m m

where ¢ = 1,--- L, Wy, V, € R™*™ tor ¥ = 1,---, L
are weight matrices, and o« = L™7,

The NTK of residual network

NTK is computed via Gaussian process kernel (GP kernel)
where only the last layer is trained in the network.

GP kernel of the ResNet

Ko(z,2) =z'7;

Ko(2,2) = Ko_1(2,2) + o*T o (Kp_1) (2, 2),
where { =1,--- L, and o = L7 for 0.5 <~ < 1.
The NTK of the ResNet

L

Bet (2, 7)o (Ke) (2, )
=

1
+ Kﬁ—l(xa %)Bg+1(l‘, %)PO" (Kﬁ—l)(xa 5)} ?

Qr(z,2) = a?

where By i 1(xz,x) =1,and for{ =1,--- ,L—1, By's are
Byy1(#,7) = Beya(2, %) + & Beyo (2, T)Tor (Ke) (4, T).

Theorem 4. For the ResNet, given two inputs x,xr €
SP—1 €< 0.5, and
m > Ce *L*7?7(1log(320(L* +1)/6) + 1),

where C' is a constant, with probability at least 1 — ¢ over
the randomness of the initialization, we have

‘<v9f7 VQ]?> _ QL(:CVEE)‘ < 2[40426,
where o« = L~ with ~v € [0.5, 1].

The NTK of feedforward network

The following results for FFNets are from [1-3]
GP kernel of the FFNet

Ko(z,2) =2 ' T;

Kg(x,f) — Fg(Kg_l)(z,f), V= 1, Cee ,L.
The NTK of the FFNet

L L

O (z,7) = [Kg_l(:zf, 5 [[Tor (K1) (,7)].

/=1 1=/

Theorem 5 ([1]). For the FFNet, when width m >

CL% *log(L/6), where C is a constant, with probability
at least 1 —§ over the initialization, for input x,7 € SP~1

(Vo f,Vof) —Qr(x,7)| < Le.

The limiting NTK: depth— oo

Consider normalized kernels. The NTK of FFNet degen-
erates as depth increases while the NTK of ResNet is non-

degenerate.
The limiting NTK of FFNet

__ N 1 N
QL(xv :C) — ZQL(xv CC)

Theorem 6. For the NTK of the FFNet, as L — oo,
given v,7 € SP~Yand |1 —2"%] > § > 0, where § is a
constant independent of L, we have

Qr(z,7) — 1/4] = O(polylog(L)/L).
When x = 7, we have Qp(x,7) = 1,VL.

The limiting NTK of ResNet

_ 1
() T) =

L(@,2) 2La?(1 4+ ?)L—1
Theorem 7. For the NTK of the ResNet, as L — oo,
given o = % and x,7 € SP~1 such that |1 —2'2| > § >
0, where ¢ is a constant independent of L, we have

(0.7~ Qu(e, )| =0 (1/1).

where Oy (z, %) = 4 (3(3;%’) +2TF. (?f(xTas)).

QL(w,f).

1.0 =
— L=2
0.8 =5
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Degeneracy of the NTK of FFNet

We will explain the degeneracy of the NTK of FFNet via
the kernel regression problem.
Denote () as the limiting NTK of the FFNets where

Q(z,7) = lim ﬁL(x,f):{ L/4, m#f

L— 00 1, r =T

Kernel regression problem

For n independent observations {(x;,y;) }_{, where x; €
RP is the feature vector, and y; € R is the response,
assume x; # x; fori # j, and >, y; = 0.

Representer theorem = f(-) = Zﬁiﬁ(azi, ).
i=1

Consider minimizing the regularized empirical risk,

B = min |y - Q812 + \87Q8,

where 8 = (B1,..8,)" € R*, vy = (y1,...,yn) € R",
and A\ is the regularization parameter and usually very

small for large n. This problem has a closed form solution

B\ — (SAi T+ )‘In)_ly

1 1
— I, Jn) .
>\+3/4( nt+art3 ")’

Then f(z;)=>".", Biﬁ(mi,mj) = ﬁyj. Hence
o f(x,;)~y, for sufficiently large n and small A.

e But for z* # x1,...,x,,
no 1 n_
x) = ZQ CE@,CE* — — ZZO
flz") ;5 (i, 27) 4;5

This indicates that the function class induced by the lim-
iting NTK of the FFNets €2 is not learnable.
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